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THE ALGEBRAIC THEORY OF FUCHSIAN SINGULARITIES
HELMUT LENZING
Dedicated to José Antonio de la Peña on the occasion of his 60th birthday
1. Introduction
A fuchsian singularity, as considered in this article, is classically defined — for a discrete
cocompact subgroup G of the automorphism group PSL(2,R) of the upper complex half-
plane H — as the graded C-algebra of G-invariant holomorphic differential forms. These
graded rings of automorphic forms relate to many mathematical objects of quite different
appearance.
This article has three major aims:
(1) Extend the notion of a fuchsian singularity to algebraically closed base field of
arbitrary characteristic.
(2) Discuss their relationship to mathematical objects of a different nature.
(3) Provide a purely algebraic characterization of fuchsian singularities.
In particular, the last task provides an easy, systematic, access to produce members of
the rare species of fuchsian singularities that are hypersurfaces or complete intersection.
We recall for this, that for underlying genus zero there are just 22 fuchsian hypersurface
singularities, with 14 of them forming Arnold’s famous strange duality list of exceptional
unimodal singularities, compare [9] and [22].
More specifically, and working over an algebraically closed field of arbitrary characteristic,
we are going to show that there exist natural bijective correspondences between isomorphism
classes of the following mathematical objects:
(i) Weighted smooth projective curves (WPC’s) of negative orbifold Euler characteristic.
(ii) Hereditary noetherian categories with Serre duality (HNC’s) of negative orbifold Euler
characteristic.
(iii) Z-graded local isolated Gorenstein singularities of Krull dimension two and Gorenstein
parameter -1 (IGS’s)
(iv) Z-graded orbit algebras, corresponding to the τ -orbit of the structure sheaf on a
(WPC) of negative orbifold Euler characteristic.
(v) For k = C
(a) Fuchsian subgroups of Aut(H), the group of biholomorphic maps of the hyperbolic
plane H.
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(b) The graded algebras of G-invariant differential (automorphic) forms on the upper
complex half-plane, attached to a fuchsian group G.
In Section 2 we provide the definitions of the above concepts and establish natural bijections
between their isomorphism classes.
In Section 3 we introduce the triangulated singularity category T attached to a graded
fuchsian algebra R. Let X be the (WPC), attached to R; we show that T is a one-point
extension of the bounded derived category Db(coh(X)) of coherent sheaves on X . We
further discuss various incarnations of the singularity category, describe their Grothendieck
groups resp. their reduced or numerical Grothendieck groups and their relationship to the
respective Grothendieck groups of coh(X). In particular, we establish a connection between
the Coxeter polynomials for coh(X) and for T with the Poincaré series of R, compare [9]
for a similar result.
Finally, in Appendix A we systematically summarize properties of coherent sheaves
on smooth projective curves (resp. compact Riemann surfaces), and more generally on
(WPC’s) (Appendix B).
This paper is a continuation of previous work with José Antonio de la Peña dealing with
the special case of underlying genus zero, that is, of fuchsian singularities associated to
weighted projective lines and their relationship to extended canonical algebras [22].
2. Basic definitions and description of the correspondences
2.1. Weighted projective curves.
Definition 2.1. A weighted smooth projective curve, weighted projective curve or
(WPC) for short, is a pair X = (X,w) consisting of a smooth projective curve X and a
function w ∶X → N≥1 to the integers ≥ 1 such that w(x) > 1 for only finitely many points.
An isomorphism of (WPC’s) f ∶= (X,w) → (X ′,w′) is a biregular map f ∶ X → X ′
commuting with the weight functions, that is, satisfying w = w′ ○ f .
If X = (X,w) is a (WPC), the points x1, x2, . . . , xt with w(xi) > 1 are called weighted
points, the other ones ordinary points and w1 = w(x1), . . . ,wt = w(xt) are called the
weights of X . In contexts, where the position of the weights does not matter, we also use
the notation X =X⟨w1,w2, . . . ,wt⟩.
A (WPC) X = (X,w) has an orbifold Euler characteristic, see Theorem B.1, given
by:
χX = χX − ∑
x∈X
(1 − 1
w(x)) .
We note that in the above sum only the finitely many points x with w(x) > 1 matter.
2.2. The category of coherent sheaves on a (WPC). We now describe a two step
procedure associating to a (WPC) X = (X,w) a category of coherent sheaves coh(X).
We first form the category coh(X) of (algebraic) coherent sheaves on X. (If k = C and
X is given as a compact Riemann surface then we form instead the category coh(X) of
holomorphic coherent sheaves.) Next, for each weighted point xi of X having weight wi we
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form, following [16] or [19], iteratively the so-called category of wi-cycles. The result is an
enlargement coh(X) of coh(X), containing coh(X) as a full subcategory, and serving as
the category of coherent sheaves on X . In particular, the structure sheaf OX will also be
chosen as the structure sheaf OX for X . Alternatively, one can construct coh(X) by means
of a sheaf of orders, see [27] for details.
A visible effect of the iterated cycle construction is that for an ordinary point p there is
still a unique simple sheaf, concentrated in p. By contrast, for an ’exceptional point’ xi of
weight wi a full Auslander-Reiten orbit of wi simple sheaves is concentrated in xi. For the
subcategory of vector bundles the effect of the iterated cycle construction is not so easily
seen; it may however be more dramatic than for the simple sheaves.
The category coh(X) then is an abelian k-category that is connected, noetherian Hom-
and Ext-finite with Serre duality which satisfies all axioms of a hereditary noetherian cat-
egory with Serre duality (HNC).
2.3. Hereditary noetherian categories with Serre duality. Hereditary noetherian
categories with Serre duality (HNC’s) have an axiomatic description. We follow here the
presentation of [23] which also contains the proofs of the derived statements.
By a hereditary noetherian category we mean in the sequel a small k-linear category
satisfying the following assumptions:
(H 1) H is a connected abelian k-category, and each object A in H is noetherian, meaning
that ascending chains of subobjects for A become stationary.
(H 2) H is Ext-finite, that is, all morphism and extension spaces in H are finite dimensional
k-vector spaces.
(H 3) H satisfies Serre duality Ext1(X,Y ) =DHom(Y, τX) where τ is a self-equivalence
of H, and D denotes the usual k-dual. (The self-equivalence τ is furtheron called
Auslander-Reiten translation.
(H 4) H contains an object of infinite length.
By H0 we denote the Serre subcategory of H consisting of all objects having finite length.
We then request:
(H 5) Each object in the quotient category H/H0 has finite length.
ByH+ we denote the full subcategory of all objects ofH not having any simple subobject.
The members of H+ will be called vector bundles, those of H0 will be called torsion .
Proposition 2.2. Each indecomposable object from H is either a vector bundle, that is,
belongs H+, or it has finite length and thus is a member of H0.
Moreover, for some index set C = C(H) the category H0 decomposes into a coproduct∐x∈C Ux, of connected uniserial length categories Ux.
The simple objects in Ux form a single Auslander-Reiten orbit of finite cardinality w(x).
Only for finitely many points x ∈ C(H) the cardinality w(x) is > 1. ◻
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The members of C = C(H) are called points of H.
(H 6) H has infinitely many points
This completes the requests on H. It can be shown, see [23], that (H 5) is implied by the
other axioms.
For each object X in H the rank rk(X) of X is defined as the length of X in the Serre
quotient H/H0. The rank is zero exactly for the members of H0. Among vector bundles,
we choose a member of rank one and call it the structure sheaf OC of H.
Proposition 2.3. The endomorphism ring of OC in the Serre quotient H/H0 is an algebraic
function field k(H)/k in one variable, that is, k(H) is a finite algebraic extension of the
field k(X) of rational functions in one variable.
Classical valuation theory, see [6], associates to such a function field a smooth projective
curve C whose points are in one-to-one correspondence with the discrete valuations of
k(H)/k. It is not difficult to show that these are in one-to-one correspondence with the
members of C(H). In this way, C(H) becomes a smooth projective curve, equipped with
the weight function w from Proposition 2.2.
An important tool in investigating H is the Euler form , a bilinear form on the
Grothendieck group K0(H) modulo short exact sequences. It is defined on classes of objects
by the expression
⟨[E], [F ]⟩ = dimkHom(E,F ) − dimk Ext1(E,F ).
We are now going to describe how to get back from coh(X ) to coh(X), where x1, x2, . . . , xt
are the weighted points and w1,w2, . . . ,wt are their weights. One uses that for each τ -orbit
of simple sheaves concentrated in xi, i = 1, . . . , t, the structure sheaf OX admits a non-zero
homomorphism to exactly one member of each τ -orbit (τ jSxi), j ∈ Zwi .
We may assume that Hom(OX ,Sxi) = k for i = 1, . . . , t. We then form the finite set S of
all simple sheaves S with Hom(OX , S) = 0.
The full subcategory of coh(X ), right perpendicular to S is then (equivalent to) the
original category coh(X) of coherent sheaves on the underlying smooth projective curve, we
started with, compare [12]. By construction, the simple sheaves Sxi with Hom(OX , Sxi) = k,
i = 1, . . . , t, belong to S⊥ = coh(X). The points x1, . . . , xt, together with their weights
w1, . . . ,wt, then define a (WPC) (X,w).
2.4. Graded isolated Gorenstein singularities. By a positively Z-graded k-algebra
R =⊕n≥0Rn we understand a commutative algebra R which is affine, hence finitely gener-
ated as a k-algebra. We assume that the homogeneous components Rn are finite dimensional
over k and satisfy the usual grading condition Rn ⋅Rm ⊆ Rn+m for all n,m ≥ 0. We further
request that R0 = k, an assumption implying that R is graded local , that is, has a unique
maximal graded ideal m =⊕n>0Rn and residue class field R/m = k.
A graded algebra R, as above, is said to be graded isolated singularity if for each
homogeneous prime ideal p, different from the maximal ideal m, the Z-graded localization
S = Rp has finite global dimension. We note that the homogeneous component Sn consists
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of all fractions a/b with a, b homogeneous, say of degree r,s respectively, with b ∉ p, and
such that r − s = n.
Definition 2.4. A positively Z-graded commutative noetherian algebra R is called graded
Gorenstein if its injective dimension, calculated in the category ModZ(R) of all graded
R-modules, is finite.
This dimension then agrees with the graded Krull dimension n of R, which may be
defined as the maximal length of a proper chain of graded prime ideals
0 ⊆ p0 ⊂ p1 ⊂ ⋯ ⊂ pn−1 ⊂ pn = m
in R.
An important invariant for a Z-graded Gorenstein algebra R of Krull dimension n is
the Gorenstein parameter . To determine this invariant we consider a minimal graded
injective resolution in ModZ(R)
0→ R → E0 → E1 → ⋯→ En−1 → En → 0
by Z-graded injective modules Ei, i = 0, . . . , n. If En is isomorphic to the a-fold degree shift
of the graded injective hull E(k) of the R-module k = R/m, then a is called the Gorenstein
parameter of R. To have Gorenstein parameter a we thus request that the n-th cosyzygy
of R equals E(k(a)) = (E(k)(a).
In case of a graded complete intersection R = k[x1, x2, . . . , xt]/(f1, f2 . . . , fr), where R
is positively graded by assigning x1, x2, . . . , xt positive degrees d1, d2, . . . , dt and where the
homogeneous polynomials f1, f2 . . . , fr of degrees h1, h2, . . . , hr are assumed to form a ho-
mogenous regular sequence, the Gorenstein parameter a of R is determined by the expres-
sion
a = t∑
j=1
dj −
r∑
i=1
hi.
In particular, a graded hypersurface R = k[x1, x2, x3]/(f) of Krull dimension 2, is graded
Gorenstein of Gorenstein parameter ∑3i=1 deg(xi) − deg(f).
2.4.1. Graded Gorenstein isolated singularities of Krull dimension two and weighted projec-
tive curves. We next describe how graded Gorenstein isolated singularities of Krull dimen-
sion two relate to weighted projective curves.
Proposition 2.5. Let R be a graded Gorenstein isolated singularity of Krull dimension two
and Gorenstein parameter a. Then R is graded integral, that is, x ⋅ y = 0 for homogeneous
elements implies x = 0 or y = 0. Moreover, sheafification of R, say by Serre construction,
yields a hereditary noetherian k-category (HNC) with Serre duality
(1) H = modZ(R)
modZ0 (R) ,
where the AR-translation is induced by degree shift X ↦X(a).
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Proof. Following the model of [11], see also [4, 5], we construct a Z-graded sheaf theory
from R on the Z-graded (maximal) projective spectrum X, consisting of the non-zero
homogeneous non-maximal prime ideals p of R. There results a structure sheaf O on X
whose stalks are the graded localizations Rp, defined by means of homogeneous quotients
a/b with a ∈ R and b ∉ p. The stalks are graded regular local of Krull dimension one
and hence are graded discrete valuation rings. Since all stalks have global dimension one,
it follows that the abelian category H = coh(X) of graded coherent sheaves has global
dimension one. Moreover, since R is graded noetherian, the category H is also noetherian.
Finally, since R is graded-Gorenstein, say of Gorenstein parameter a, the category H has
Serre duality in the form Ext1(A,B) = Hom(B,A(a)), where A(a) denotes the degree shift
of A with the Gorenstein parameter a ∈ Z, see for instance [26].
Alternatively, again following [11], H can be obtained by Serre construction as the abelian
quotient category of the category modZ(R) of finitely generated graded R-modules modulo
its Serre subcategory modZ0 (R) of graded R-modules of finite length.
It is left to the reader to check that H fulfills all remaining requirements for a hereditary
noetherian category (HNC) as introduced above. It then follows that X = C(H) carries the
structure of a (WPC). 
2.4.2. Gorenstein parameter −1. Next, we are going to show how, conversely, each (HNC)H of negative orbifold Euler characteristic gives rise to a Z-graded Gorenstein isolated
singularity of Krull dimension two and Gorenstein parameter -1. For this, we interpretH as the category of coherent sheaves coh(X ) on a (WPC) X = (X,w). Let OX be the
structure sheaf of X and let τ ∶ H → H be the Auslander-Reiten translation of coh(X ).
Following the model of [15] we form the Z-graded orbit-algebra of τ on OX :
(2) R = ⊕
n≥0
Hom(OX , τnOX ) with multiplication rn ⋅ rm = [τm(rn) ○ rm].
From the definition of the multiplication it is easily shown that R is an associative, positively
Z-graded algebra. To show that R is also commutative, we need the concept of the point
shift automorphism σx with x ∈ X , compare [18, Section 10.3].
For each x ∈ X there is an automorphism σx of coh(X ) which on vector bundles E is
given by the universal extension E ↦ E(x)
(3) 0→ E xEÐ→ E(x)→ Ex → 0, where Ex = ⊕
j∈Zw(x)
Ext1(τ jSx,E) ⊗k τ jSx.
Obviously, each σx, x ∈ X , induces the identity map on X = C(H). By definition, all the σx,
x ∈ X , generate the Picard group Pic(X ) which is a commutative group acting transitively
on isomorphism classes of line bundles [20].
Proposition 2.6. The Auslander-Reiten translation τ of coh(X ) is a member of the Picard
group Pic(X ). Further, the orbit algebra R is commutative.
Proof. Since Pic(X ) acts transitively on line bundles, there exists σ ∈ Pic(X ) with τ(OX ) =
σ(OX ). Since σ−1τ fixes OX , it is an automorphism of X which additionally fixes each point
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of X , and hence is (isomorphic to) the identity, and τ = σ follows. This proves the first
assertion.
Now, τ is a finite product of shift functors σx or their inverses σ
−1
x . Passing to the quotient
category H/H0, each shift functor σx is isomorphic to the identity functor as follows from
the functorial construction (3). This property extends to the product τ . We may thus
assume that τ = Id on H/H0, and correspondingly τnOX = OX in H/H0. Passing with the
two products vn○τ
m(um) and um○τn(un) from Hom(OX , τn+mOX ) to H/H0, they simplify
to the expressions vn ○um and um ○vn with vm, un lying in the endomorphism ring K of OX
in the category H/H0. As the function field of a smooth projective curve, K is commutative,
the identity vn ○um = um ○vn in K thus descends to the equality vn ○τm(um) = um ○τn(un)
in Hom(OX , τn+mOX ), which establishes the claimed commutativity of R. 
In order to establish further properties of R we prove an important property of the pair(OX , τ):
Proposition 2.7. If H = coh(X ) has negative Euler characteristic, the pair (OX , τ) is
ample in H in the sense of [1], meaning that the following two conditions are satisfied:
(i) For each H in H there exists an epimorphism ⊕ri=1 τ−niOX → H with exponents ni > 0.
(ii) For every epimorphism H → K in H the induced map Hom(τ−NOX ,H) →
Hom(τ−NOX ,K) is surjective for large N .
Proof. Before entering the proof of items (i) and (ii), we recall some properties of H.
(a) Each object H of H splits into a direct sum H =H+⊕H0, where H0 has finite length
and the vector bundle H+ has a finite filtration by line bundles, compare [11].
(b) For each non-zero object A ∈ coh(X ) with X =X⟨a1, a2, . . . , at⟩ we obtain the slope
identity µ(τA) = µ(A)−a¯χH, compare [23, Prop. 3.5]1. Here, a¯ = lcm(a1, a2, . . . , at).
(c) Given H in H, then Ext1(τ−NOX ,H) = 0 holds for large N .
(d) Assume the sequence 0→ A uÐ→ B → C → 0 is exact where A and C satisfy property(i) and, moreover, C has finite length. Then also B satisfies property (i).
In order to prove (c) it is sufficient, in view of (a), to assume that H is either a sim-
ple sheaf or a line bundle. Invoking Serre duality, the expression Ext1(τ−NOX ,H) =
DHom(H,τ−N+1OX ) is zero if H is simple (this needs no assumption on N). If H is a
line bundle, then we may choose N large enough that deg(H) > deg(τ−N+1OX ), implying
that Hom(H,τ−N+1OX ) is zero for large N .
Concerning (d), let ⊕ci=1 τ−niOX vÐ→ C be an epimorphism. Since τ is periodic onH0, we may choose the ni large enough that Ext1(τ−niOX ,A) = DHom(A,τ−ni+1OX )
equals zero. Hence the map v lifts to a map v¯ ∶ ⊕ci=1 τ−niOX → B and, clearly, then
(u, v¯) ∶ A⊕⊕ci=1 τ−niOX (u,v¯)Ð→ C is an epimorphism. We are done, since A satisfies (i).
We next prove property (ii): The epimorphism u ∶ H → K yields an exact sequence
0 → N → H uÐ→ K → 0. Invoking (c), Ext1(τ−NOX ,N) = 0 for large N , implying that
Hom(τ−NOX , u) is surjective.
1Due to a different normalization, the factor a¯ is missing in [23]
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Finally we prove property (i), where we first deal with the cases where H either has
finite length or where H is a vector bundle. Since OX maps nontrivially to a member S
of each τ -orbit of simples, it is obvious that there exists an epimorphism τ−nOX → S with
n ≥ 0 which deals with the case of a simple sheaf. If H has finite length, we consider a
sequence 0→ S →H → C → 0, where S is simple, and, using induction on the length, apply(d).
If H = L is a line bundle, we invoke negative Euler characteristic and the weighted
Riemann-Roch theorem B.2 to establish a non-zero morphism u ∶ τ−nOX → L for some
n > 0. In the resulting exact sequence 0 → τ−nOX uÐ→ L → C → 0, the cokernel-term has
finite length. Invoking the preceding argument, property (d) shows that L satisfies property(i).
In view of property (a) this finishes the proof. 
Theorem 2.8. Let X = (X,w) be a smooth weighted projective curve (WPC) of negative
orbifold Euler characteristic χX with category H = coh(X ) of coherent sheaves and structure
sheaf OX . With respect to the AR-translation of H let
R = ⊕
n≥0
Hom(OX , τnOX )
be the positively Z-graded orbit algebra of τ on OX .
Then R is a commutative affine k-algebra which is a graded isolated singularity of Krull
dimension two. Morover R is Z-graded Gorenstein of Gorenstein parameter −1.
Sheafification of R by means of Serre construction or by a Z-graded sheaf theory leads
back to coh(X ). Moreover, the degree shift by −1 on modZ(R) induces on coh(X ) the
AR-translation τ .
Proof. In Proposition 2.6 we have shown that R is commutative. Since the pair (OX , τ)
is ample in coh(X ) it follows from [1, Theorem 4.5] that R is graded noetherian and
sheafification of R leads back to coh(X ). Since R0 = k, R is graded local and a finite
system x1, x2, . . . , xs of generators for the graded maximal ideal m of R generates R as a
k-algebra, which is thus affine over k. Serre construction shows that the category modZ(R),
hence R, has graded Krull dimension two. Using a Z-graded sheaf theory — instead of Serre
construction — shows that the graded localizations Rp for non-maximal primes, that is,
just the stalks of OX are hereditary, which shows that R is graded isolated singularity.
Before showing the claimed Gorenstein properties, we recall the concept of a graded dual:
If M ∶= ⊕n∈ZMn is a graded module, then DM = ⊕n∈ZDM−n is called the graded dual
of M . Since R is indecomposable graded projective it follows that DR = ⊕n≤0DR−n is
indecomposable graded injective, and since DR0 = k is contained in DR, it is the graded
injective envelope E(k) of k. We next show that R is graded Gorenstein of Gorenstein
parameter −1. For this we start with a minimal injective resolution
(4) 0→ OX → I0 → I1 → 0
in the Grothendieck category Qcoh(X ) of quasi-coherent sheaves. Such a resolution exists
since Qcoh(X ) has global dimension one because coh(X ) has the same property and is
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additionally noetherian2. We apply graded global sections Γ∗ = ⊕n∈ZHom(τ−nOX ,−) to
(4) and obtain exactness of
(5) 0→ R → Γ∗(I0)→ Γ∗(I1)→ ⊕
n∈Z
Ext1(τ−nOX ,OX )→ 0
in the category ModZ(R) of all Z-graded R-modules. Due to Serre duality the Ext-term
evaluates to ⊕n∈ZDHom(OX , τ−(n−1)OX ), the graded dual (DR)(−1) of R(−1), thus the
graded injective envelope of k(−1). This establishs that R has graded injective dimension
two with Gorenstein parameter −1. 
Corollary 2.9 (Uniqueness). Assuming negative orbifold Euler characteristic of X , a pos-
itively Z-graded isolated Gorenstein singularity S of Krull dimension two and Gorenstein
parameter −1 is isomorphic to the orbit algebra R = ⊕n≥0Hom(OX , τnOX ) if and only if
its associated category of coherent sheaves is equivalent to coh(X ).
Proof. Assume Serre construction for S yields the category coh(X ). Then sheafification S˜
of S yields a line bundle in coh(X ). Applying a suitable automorphism of coh(X ), we may
assume that S˜ = OX . Since S is graded Gorenstein of Gorenstein parameter −1, the degree
shift by −1 is equal to τ , and then
(6) Sr = Hom(S˜, S˜(r) = Hom(OX , τ rOX ) = Rr
yielding an isomorphism between R and S as graded algebras. 
For X a (WPC) of negative Euler characteristic we call this uniqely determined graded
isolated singularity of Gorenstein parameter −1 the fuchsian singularity associated toX or coh(X ).
If R is a fuchsian singularity with attached weighted projective curve X = (X,w) the
signature of R is defined as the tuple (gX ;a1, a2, . . . , at), where gX is the genus of X and(a1, a2, . . . , at) is the weight sequence of X . We are next showing a couple of polynomials f
in three variables defining fuchsian hypersurfaces R = k[x1, x2, x3]/(f) and display their
signatures. It was already mentioned that fuchsian hypersurfaces are a rare species. Indeed
for genus 0 there only exists finitely many and it was moreover shown by Wagreich [31],
see also [8], [28] and [22], that also for higher genus there are only finitely many signatures
which can be represented by a fuchsian hypersurface. Ebeling [9] extended this also to
2Even, if one only knows the noetherian category H of coherent sheaves, the category of quasicoherent
sheaves is easily constructed as the Grothendieck category Lex(Hop,Ab) of left exact additive functors on
Hop with values in the category Ab of abelian groups, see [10].
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complete intersections.
f deg(x, y, z∣f) signature
1 x2 + y3 + z7 (21,14,6∣42) (0; 2,3,7)
2 x2 + y3 + yz5 (15,10,4∣30) (0; 2,4,5)
3 x2 + zy3 + yz4 (11,6,4∣22) (0; 2,4,6)
4 x4 + xy2 + yz2 (4,6,5∣16) (0; 2,5,6)
5 x2 + y6 + z6 (3,1,1∣6) (2;−)
6 x4 + y4 + z4 (1,1,1∣4) (3;−)
7 xy3 + yz3 + zx3 (1,1,1∣4) (3,−)
Fuchsian singularities R of genus zero with a signature having at most three weights are
uniquely determined by their signature, because then the weight sequence determines the
weighted projective line attached to R.
In general, however, fuchsian singularities with the same signature may not be isomorphic
as show the table etems 6 and 7, the Fermat quartic and theKlein’s quartic. Assuming
k = C, the two curves have non-isomorphic automorphism groups: in case of the Fermat
quartic this is the semi-direct product of the symmetric group S3 with the action on the
product of three cyclic groups of order 4 modulo their diagonal [30]. By contrast, the
automorphism group of Klein’s quartic is the nonabelian simple group G168 of order 168,
compare the papers in [24].
2.5. Fuchsian groups and their automorphic forms. For this subsection, the base
field is the field C of complex numbers. Instead of weighted projective curves, we con-
sider weighted compact Riemann surfaces (WCRS’s) equipped with holomorphic coherent
sheaves. For Fuchsian groups, in general, we refer to [2] and [13].
Within this article, a discrete subgroup G of Aut(H), the group of holomorphic auto-
morphisms of the upper complex halfplane H is called a fuchsian group if it is finitely
generated and cocompact, meaning that the quotient H/G is compact. We assume more-
over that the stabilizer groups Gx, with x ∈ H, are all finite and then, automatically, cyclic,
see [13]. In this case G has a fundamental domain that is a hyperbolic convex polygon with
finitely many sides in the hyperbollic plane H.
Proposition 2.10 ([7],Theorem 3.2.10). Two fuchsian subgroups G and G′ of Aut(H)
are isomorphic if and only if they are conjugate as subgroups of Aut(H). Accordingly, the
(WCRS’s) H/G and H/G′ are isomorphic if and only if G and G′ are isomorphic. ◻
For any fuchsian group G the quotient H/G is a compact holomorphic orbifold X of
complex dimension one. In other words, X has an underlying compact Riemann surface
with a finite number of cone points. These cone points, and their orders, correspond to the
G-orbits with non-trivial stabilizer group, which are necessarily cyclic, see [13].
In other words, the quotient H/G is a weighted compact Riemann surface, or just a
weighted projective curve (X,w) over C.
Conversely, we can pass back from a weighted Riemann surface X = (X,w) of negative
orbifold Euler characteristic to the action of a fuchsian group on H:
THE ALGEBRAIC THEORY OF FUCHSIAN SINGULARITIES 11
We refer to [29, Chapter 13] and [19] for the concepts orbifold fundamental group and
universal orbifold cover . The next theorem combines properties from [19, Proposition 6
and Theorem 7]:
Theorem 2.11. Let X =X⟨a1, a2, . . . , at⟩ be a compact weighted Riemann surface (WCRS)
of negative Euler characteristic χX , then the following holds:
(i) The orbifold fundamental group πorb1 (X ) has generators α1, α2, . . . , αg, β1, β2, . . . , βg,
σ1, σ2, . . . , σt and is subject to the relations
σa11 = σa22 = ⋯ = σatt = 1 = σ1σ2⋯σt [α1, β1][α2, β2]⋯[αg, βg],
where [a, b] denotes the commutator aba−1b−1 of a and b.
(ii) The orbifold fundamental group πorb1 (X ) acts on the universal orbifold cover H = X̃ as
group of deck transformations (the members of AutH commuting with the projection
π ∶ H = X̃ → X ). This action is discrete on H and represents X as orbifold quotient
X = X̃ /πorb1 (X ).
(iii) In particular, the orbifold fundamental group is fuchsian, and each fuchsian group (in
the sense of the paper) arises that way.
Proof. For the first two items we refer to [19, Proposition 6 and Theorem 7]. The last
assertion follows from the other two. 
In the description of automorphic forms we follow Milnor [25]. Let G be a fuchsian
group and U a G-stable open subset of the upper complex half-plane H. A differential
form of degree n on U has the form Φ = f(z)zk. For any g ∈ G the pull-back of Φ
along g is given as g∗(Φ) = f(g(z)) ●g (z)kdzk, where ●g (z) denotes the derivative dg(z)/dz.
Differential forms Φ1 and Φ2 of degrees m and n may be multiplied; this yields a differential
form of degree m + n. The G-invariant differential forms of degree n ≥ 0, or automorphic
forms on G-invariant open subsets of H, descend to the quotient X = H/G, yielding there
holomorphic coherent sheaves of differentials Ωn for each degree n.
Remark 2.12. One can show that Ωn = τnOX , for each n ≥ 0, implying that the graded
algebra
⊕
n≥0
Γ(X ,Ωn)
of differential forms on X is isomorphic to the orbit algebra of the Auslander-Reiten transla-
tion of coh(X ) on OX , thus providing a link to the classical theory of fuchsian singularities.
3. The singularity category and its Grothendieck group(s)
There are several incarnations of the singularity category of a fuchsian singularity R,
where each one has its own advantages.
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Following Buchweitz [3], for the ungraded and Orlov [26] for the graded case, the cate-
gory of graded singularities SingZ(R) is defined as the Verdier quotient
(7) SingZ(R) = Db(modZ(R))
Db(projZ(R)) ,
where projZ(R) denotes the category of finitely generated projetive R-modules.
In the case of a graded Gorenstein algebra, the singularity category SingZ(R) is equivalent
to the stable category of Z-graded Cohen-Macaulay modules over R CMZ(R). In
our case of graded Krull-dimension two, a finitely generated Z-graded R-module M is
called (maximal) Cohen-Macaulay if M satisfies the two conditions Hom(k(n),M) = 0 =
Ext1(k(n),M) for each integer n.
The category CMZ(R) carries an exact structure in the sense of Quillen consisting of
all short exact sequences with members in CMZ(R) that are exact in modZ(R). The
full subcategory projZ(R) of finitely generated projective modules consists exactly of the
relative projectives in CMZ(R); moreover, since R is graded Gorenstein, it is known that the
relative projectives coincide with the relative injectives. Further, CMZ(R) has sufficiently
many relative projectives resp. injectives, and thus is a Frobenius category .
Stabilizing CMZ(R), that is forming the factor category CMZ(R) = CMZ(R)/[projZ(R)]
modulo all moprhisms that factor through projectives, yields a category that is triangulated.
It is due to Buchweitz [3] that the functor
CMZ(R)→ SingZ(R), M ↦ (M),
sending a graded CM-module M to the stalk complex (M), concentrated in degree zero,
induces an equivalence of CMZ(R) to the singularity category SingZ(R).
In the special case of the orbit algebra R =⊕n≥0Hom(OX , τnOX ) associated to a (WPC)
of negative orbifold Euler characteristic, the category CMZ(R) has an even more accessible
incarnation as the stable category of vector bundles on X .
Proposition 3.1. There is an equivalence between the category CMZ(R) of finitely gener-
ated graded (maximal) Cohen-Macaulay modules over R and the category vect(X ) of vector
bundles on X induced by restricting the quotient functor q ∶ modZ(R) → coh(X ) to the
subcategory CMZ(R). The inverse functor is given by taking graded global sections Γ∗ =
⊕n∈ZHom(τ−nOX ,−) of vector bundles. Moreover the equivalence q ∶ CMZ(R) → vect(X )
induces an equivalence between indecomposable projective R-modules and members of the
orbit τZOX .
Proof. The proof of the corresponding result in [11] carries over. 
We define the stable category of vector bundles on X as the factor category vect(X ) =
vect(X )/[τZOX ] of vect(X ) by the ideal of all morphisms factoring through a member from
the additive closure of τZOX .
Corollary 3.2. The stable category vect(X ) = vect(X )/[τZOX ] is triangle equivalent to the
stable category CMZ(R), and hence triangle-equivalent to the singulrity category SingZ(R) ◻
THE ALGEBRAIC THEORY OF FUCHSIAN SINGULARITIES 13
We recall that a triangulated category T is homologically finite if for all objects X,Y
from T we have Hom(X,Y [n]) = 0 for ∣n∣≫ 0.
Theorem 3.3 (Serre duality). The singularity category vect(X ) is triangulated, Hom-
finite, Krull-Schmidt and homologically finite. Moreover, vect(X ) has Serre duality given by
functorial isomorphisms Hom(X,Y [1]) =DHom(Y, τX), where τ is an equivalence induced
from the AR-translation of vect(X ). In particular, vect(X ) has AR-triangles, and the AR-
translation for vect(X ) induces the AR-translation for vect(X ).
Proof. As a factor category of a Hom-finite category, vect(X ) inherits Hom-finiteness, and
the Krull-Schmidt property from vect(X ). Concerning Serre duality we apply the functors
Hom(X,−) (resp. Hom(−, τX) to the exact sequence µ ∶ 0→ Y → I(Y )→ Y [1]→ 0, whereI(Y ) denotes an injective hull of Y in the Frobenius category vect(X ), and obtain exact
sequences
Hom(X,I(Y )) →Hom(X,Y [1]) → Hom(X,Y [1]) → 0,(8)
Hom(I(Y ), τX) →Hom(Y, τX) → Hom(Y, τX) → 0.(9)
By Serre duality in coh(X ), dualization of the lower sequence yields exactness of
0→DHom(Y, τX) → Ext1(X,Y )→ Ext1(X,I(Y )),
where Hom denotes morphisms in vect(X ). Invoking the long exact Hom-Ext se-
quence Hom(X,µ) we obtain from the two sequences (8) and (9) a natural isomorphism
Hom(X,Y [1]) =DHom(Y, τX).
To show homological finiteness of vect(X ) we use that in the Frobenius category of vector
bundles the suspension functor is given by a distinguished exact sequence 0→ E → I(E) →
E[1] → 0, where I(E) denotes the injective hull in the Frobenius category. Because χX < 0,
iteration of the construction leads to E[n] which obtains an arbitrary large slope for n≫ 0.
Invoking a line a bundle filtration for F , this implies that Hom(E[n], F ) = 0, and then
also Hom(E[n], F ) = 0 for n >> 0. Concerning Hom(F,E[n]), we invoke Serre duality for
vect(X ) and obtain DHom(E[n − 1], τF ) which for n≫ 0 is also zero. 
Corollary 3.4. All AR-components of the singularity category have shape ZA∞.
Proof. Arguing as in [21, Proposition 4.5] one shows first, invoking negative orbifold Euler
characteristic, that all AR-components in vect(X ) have shape ZA∞. Next, one observes
that line bundles always sit at the border-orbit of their component, which implies that pas-
sage to the stable category vect(X ) consists in deleting the border, and thus also preserves
the ZA∞-shape of the component containing τ
ZOX . 
As a fuchsian singularity R has Gorenstein parameter −1, further Serre construction
modZ(R)/modZ0 (R) yields the category coh(X ) of coherent sheaves on a weighted projective
curve X . It then follows from [26] that the object k = R/m is exceptional in SingZ(R)
and its right perpendicular category, consisting of all objects X in SingZ(R) satisfying
Hom(k,X[n]) = 0 for each integer n, is equivalent to Db(coh(X )). More is true, SingZ(R)
behaves like a one-point extension of Db(coh(X )) by the structure sheaf OX :
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Theorem 3.5 (One-point extension). Let R be a fuchsian singularity with associated
weighted projective curve X . Then the right perpendicular category in T = SingZ(R) to
the exceptional object k = R/m is equivalent to Db(coh(X )).
Moreover, the right adjoint r ∶ T → k⊥ to inclusion k⊥ ↪ T sends k to OX and, hence
induces functorial isomorphisms Hom(X,k) = Hom(X,OX ) for each X ∈ coh(X ).
Proof. The first assertion is an immediate consequence of Orlov’s theorem [26] since R is
graded Gorenstein of Gorenstein parameter −1.
We now turn to the second assertion. Since the Picard group acts transitively on the
line bundles of coh(X ), it suffices to show that the left adjoint ℓ ∶ T → ⊥k to the inclusion
j ∶ ⊥k ↪ T maps k to a line bundle in Db(coh(X )) up to suspension. For the proof of this
claim, we refer to the related proof in [22, Section 3.8]. 
An immediate consequence is the structure of the Grothendieck group K0(SingZ(R) as
well as the structure of the the reduced Grothendieck group.
Proposition 3.6. The Grothendieck group K0(SingZ(R)) is the K-theoretic one-point ex-
tension of K0(X ) = K0(Db(coh(X )) by the class [OX ] of the structure sheaf of X .
Proof. In more detail this means that for the class e = [E] of some exceptional object
E = k in T = SingZ(R), we get that e⊥ = {x ∈ K0(T ) ∣ ⟨e,x⟩T = 0} equals K0(X ). Further
K0(T ) = K0(X )⊕ Z.e where the Euler form ⟨−,−⟩T satisfies the following conditions
⟨e, e⟩T = 1
⟨x, y⟩T = ⟨x, y⟩X if x and y belong to K0(X )
⟨e,x⟩T = 0 and ⟨x, e⟩T = ⟨x, [OX ]⟩X if x belongs to K0(X )
These properties follow immediately from Theorem 3.5. 
Let X = (X,w) with a smooth projective curve X of genus g. For g ≥ 1 the Grothendieck
group K0(X ), and hence SingZ(R) are not finitely generated, compare [19, 20]. In partic-
ular, for g ≥ 1 neither coh(X ) nor SingZ(R) has a tilting object. By contrast, for g = 0,
where we deal with weighted projective lines both categories have tilting objects, where
the endomorphism rings are canonical algebras in case coh(X ), see [11], respectively
extended canonical algebras in case SingZ(R), see [22]. In both cases the Euler forms
are non-degenerate.
For genus g > 0, the Euler form for coh(X )) always has a large kernel
K = {x ∈ K0 ∣ ⟨x, y⟩X = 0 for each x ∈ K0(X )}.
Due to Serre duality, the kernel equivalently can be described as the set of all y ∈ K0(X )
such that ⟨x, y⟩X = 0 for all X. Similar assertions hold for the kernel of the Euler form on
K0(SingZ(R)). It is further easily seen that K is generated by all differences [S] − [T ],
where S,T run through all ordinary simple sheaves on X .
If one is mainly interested in the Euler form and related constructions, then both for the
category of coherent sheaves and for the singularity category it is advisable to pass to the
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quotients
Kred0 (X ) = K0(X )/K and Kred0 (SingZ(R)) = K0(SingZ(R))/K.
Both groups, called reduced or numerical Grothendieck groups, are finitely generated
free abelian groups. Moreover, the Euler form in question ⟨−,−⟩X , respectively ⟨−,−⟩T ,
descends to non-degenerate bilinear forms on the reduced groups.
Example 3.7. To illustrate the concept, we consider a smooth projective curve (resp. a
compact Riemann surface) X of genus g. Then group Kred0 (X ) has a basis a = [OX ],
b = [S], where S is any simple sheaf on X. For g ≥ 2, and R the orbit algebra of the
AR-translation τ of coh(X ), we have Kred0 (SingZ(R)) = Z3 with basis a = [OX ], b = [S]
with S a simple sheaf, and e = [E] the class of the extending object.
With regard to the above bases, the two Euler forms ⟨−,−⟩X and ⟨−,−⟩T can be expressed
by their Cartan matrices
(10) CX = [ 1 − g −1
−1 0
] and CT =
⎡⎢⎢⎢⎢⎢⎣
1 − g 1 1 − g
−1 0 −1
0 0 1
⎤⎥⎥⎥⎥⎥⎦
.
Further we can form the Coxeter transformations
(11) ΦX = −C−1X CtrX = [ 1 02(g − 1) 1 ] and ΦT = −C−1T CtrT =
⎡⎢⎢⎢⎢⎢⎣
2 − g −1 1
2(g − 1) 1 0
g − 1 1 −1
⎤⎥⎥⎥⎥⎥⎦
.
The characteristic polynomial of the Coxeter transformation ΦX (resp. ΦT ) is called Cox-
eter polynomial of X (resp. T ). If X is a smooth projective curve of genus g, then the
respective Coxeter polynomials are
(12) ϕX = (x − 1)2 and ϕT = x3 + (g − 2)x2 + (g − 2)x + 1.
Note that ϕX does not depend on g, while ϕT does. For g ≤ 5 ϕT factors into cyclotomic
polynomials
(13)
g = 2 then ϕT = Φ2Φ6, g = 3 then ϕT = Φ2Φ4, g = 4 then ΦT Φ2Φ3, g = 5 then ϕT = Φ32.
Moreover, the Coxeter transformations ΦT for g = 2, g = 3, g = 4 are periodic of order 6,4,
and 6, respectively, while for g = 5 it is not periodic. Since for g ≥ 6 the factorization of ϕT
in irreducible factors (over Z) is ϕT = ϕ2(x2 + (g − 3)x + 1) is not a product of cyclotomic
polynomials, ΦT can also not be periodic for g ≥ 6.
We now comment on the weighted situation. Let X = X⟨a1, a2, . . . , at⟩ be a weighted
projective curve, then the Grothendieck group K0(X ) = K0(coh(X )) is obtained from
K0(X) by attaching for each weight a K-theoretic tube Ti of rank ai, see [20] for details. The
same procedure works to obtain the reduced Grothendieck group Kred0 (X ) from Kred0 (X).
It follows that the Coxeter polynomial of X equals ϕX = (x−1)2∏ti=1 vai which agrees with
the Coxeter polynomial of the weighted projective line P1⟨a1, a2, . . . , at⟩.
Concerning the Grothendieck group K0(T ) (resp. the reduced Grothendieck group
Kred0 (T )) of T = SingZ(R), where R is the orbit algebra attached to X , the situation
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is more interesting. In both cases, it is obtained as the one-point extension of K0(X ),
resp. Kred0 (X ), by the respective class of the structure sheaf OX , yielding, for instance,
Kred0 (T ) = Kred0 (X )⊕Ze, where ⟨e, e⟩ = 1 and further ⟨e,x⟩ = 0 and ⟨x, e⟩ = ⟨x, [OX ]⟩ for all
x, y ∈ Kred0 (X ).
The Poincaré series pR = ∑∞i=0 dimk(Ri)xi of a fuchsian singularity R of signature(g;a1, a2..., at) was determined in [31]. As a rational function of x it is given by the expres-
sion
pR = 1 + (g − 2)x + (g − 2)x2 + x3(1 − x)2 +
x2
(1 − x)2
t∑
i=1
vai−1
vai
,
where va = xn−1x−1 , see [9, Section 3].
Proposition 3.8. Let X =X⟨a1, a2..., at⟩ be a (WPC) of negative Euler characteristic. Let
ϕX = (1 − x)2∏ti=1 vai the Coxeter polynomial of coh(X ). Then the Coxeter polynomial ϕT
of the fuchsian singularity R attached to X is given by
ϕT = pR ⋅ ϕX = t∏
i=1
vai [1 + (g − 2)x + (g − 1)x2 + x3 +
t∑
i=1
vai−1
vai
] .
For t = 0 the expression for ϕT specializes to the Coxeter polynomial of X from Exam-
ple 3.7. For g = 0 we obtain the Coxeter polynomial of the extended canonical algebra with
the weight data a1, a2, ..., at, see [22].
Proof. Comparing the Poincaré series pR with its K-theoretic variant pX =∑∞i=0⟨OX , τ iOX ⟩xi, we first see that pR = (g + x) + pX . Next, applying a general result
for one-point extensions [17, Theorem 18.1], we obtain ϕT = ϕX ⋅ pR as claimed. 
Proposition 3.9. If R = k[x, y, z]/(f) is a fuchsian hypersurface, then τdeg(f) = [2] holds
in SingZ(R), thus SingZ(R) is fractionally Calabi-Yau of CY-dimension 2
deg(f) . Ac-
cordingly, the Coxeter transformation of R is periodic of period deg(f), and the Coxeter
polynomial of R is a product of cyclotomic polynomials.
Proof. The first assertion is well known, compare [14]; it immediately implies the claimed
periodicity of the Coxeter transformation. 
Appendix A. The category of coherent sheaves on a smooth projective
curve
A.1. The category of coherent sheaves. Let k be an algebraically closed field, and X
a smooth projective curve, or for k = C a compact Riemann surface. Then X is equipped
with a category H of coherent sheaves (algebraic in case of a curve, holomorphic in case of
a Riemann surface). We are giving here an axiomatic description of H.
(H1) It is a connected k-linear category which is Hom- and Ext-finite over k.(H2) H is hereditary (i.e. Ext2(−,−) = 0) and noetherian (i.e. ascending chains of
subobjects become stationary).(H3) H satisfies Serre duality in the form DExt1(A,B) = Hom(B,τA, where τ is an
auto-equivalence of H.
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(H4) The function field K = k(X) of H (or X), see Section 2.3, has infinite dimension
over k.
Comment A.1. (i) Due to (H2) the category H has no non-zero projective or injective
objects.
(ii) As a further consequence of Serre duality, the category H has almost split sequences;
moreover the functor τ serves as the Auslander-Reiten translation.
(iii) The sheaf OX of regular functions on X is called the structure sheaf of X.
(iv) The dualizing sheaf ω = τOX is the sheaf of differential forms of degree one over X.
Accordingly τnOX = ω⊗n, the n-fold tensor power of ω, is the sheaf of differential
forms of degree n.
(v) The function field C(X), classically defined as the global sections of the sheaf of mero-
morphic functions on X, allows the folowing alternative description: Let H0 be the
Serre subcategory of all objects Y of H having finite length (meaning that Y has a fi-
nite filtration with factors that are simple in the category H). Then the structure sheafOX , when viewed as an object in the quotient category H/H0, has an endomorphism
ring, isomorphic to K = k(X).
(vi) Actually there is an equivalence H/H0 → mod(K) with OX viewed as a member of ofH/H0 corresponding to K = k(X). In particular H/H0 is a length category, that is,
an abelian category in which each object has finite length.
(vii) Condition (H4) is introduced in order to avoid some degenerate examples like the cat-
egory mod Z×Z(k[x, y])/modZ×Z0 (k[x, y]) which satisfies (H1), (H2), (H3), but not(H4).
Definition A.2. The genus gX of H (or X) is the k-dimension of Ext1(OX ,OX), equiv-
alently the dimension of Hom(OX , ω).
Often the Euler characteristic χX is more useful than the genus. It relates to the genus
by means of χX = 2(1 − gX).
A.2. Euler form, rank, degree and Riemann-Roch. In this section H = coh(X) de-
notes the category of algebraic coherent sheaves on a smooth projective curve X (resp. of
holomorphic coherent sheaves on a compact Riemann surface). By K0(H) or just K0(X)
we denote the Grothendieck group of the category H modulo short exact sequences. We
always consider K0(H) to be equipped with the Euler form which is the non-symmetric
bilinear form given on classes of objects by the expression
⟨[A], [B]⟩ = dimkHom(A,B) − dimk Ext1(A,B).
This uses that H is hereditary. Often, we will write ⟨A,B⟩ instead of ⟨[A], [B]⟩.
There are two important linear forms K0(H)→ Z, called rank and degree.
Definition A.3. The rank of a coherent sheaf A, notation rk(A), is defined as the length
of A, when viewed as an object of H/H0.
The degree of a coherent sheaf A is defined as
deg(A) = ⟨OX ,A⟩ − rk(A) ⋅ ⟨OX ,OX⟩.
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As follows from the next proposition, rank and degree satisfy largely dual properties.
Proposition A.4. The rank of a coherent sheaf A is ≥ 0 with equality if and only if A has
finite length. Further, we always have rk(A) = rk(τA).
The degree of the structure sheaf is 0. The degree of any simple sheaf is 1. A coherent
sheaf of finite length always has degree ≥ 0 with equality if and only if A = 0. Further, we
have deg(A) = deg(τA) if A has finite length.
A coherent sheaf with rank and degree zero is already 0. ◻
For each non-zero coherent sheaf A its slope µ(A) = deg(A)
rk(A is thus well-defined.
In order to deal with Riemann-Roch, it is useful to introduce before the reduced (or
numerical) Grothendieck group Kred0 (X) which is the factor group of K0(X) modulo the
radical {x ∈ K0(X) ∣ ⟨x,−⟩ = 0} of the Euler form. Obviously, the Euler form descends
from K0(X) to Kred0 (X), that is, denoting classes of coherent sheaves in Kred0 (X) by double
brackets, we have ⟨⟦X⟧, ⟦Y ⟧⟩ = ⟨X,Y ⟩ for all X,Y ∈ H. Denoting the simple sheaf, concen-
trated in x ∈ X, by Sx, it follows that all classes ⟦Sx⟧ of simple sheaves agree in Kred0 (X).
As a consequence Kred0 (X) = Z⟦OX⟧⊕Z⟦S⟧, where S is any simple sheaf.
Theorem A.5 (Riemann-Roch). For any two coherent sheaves A, B on X we have
⟨⟦A⟧, ⟦B⟧⟩ = (1 − gX)rk(A)rk(B) + ∣ rk(A) rk(B)deg(A) deg(B) ∣ .
Proof. It suffices to check the validity of the RR-formula for A,B ∈ {OX ,S}, where it is
obviously satisfied. 
Corollary A.6 (Existence of morphisms). Let A and B be non-zero vector bundles on X.
Then ⟨⟦A⟧, ⟦B⟧⟩
rk(A) ⋅ rk(B) = (1 − gX) + (µ(B) − µ(A)).
If µ(B) − µ(A) > gX − 1 = −1/2χX , then Hom(X,Y ) ≠ 0. ◻
We recall that an object E of H is called exceptional if End(E) = k and Ext1(E,E) = 0.
In particular, an exceptional object is indecomposable.
Corollary A.7. The category coh(X) has an exceptional object E if and only if gX = 0
and, additionally, E has rank one, that is, E is a line bundle. In particular, coh(X) has a
tilting object if and only if X is (isomorphic to) the Riemann sphere S.
Proof. Assume E exceptional. By Riemann-Roch we obtain 1 = ⟨E,E⟩ = (1 − gX)rk(E)2,
hence gX = 0 and rk(E) = 1. Concerning the last assertion, it is well known that coh(S)
has a tilting object OX ⊕OX(x), where OX(x) is the central term of ’the’ non-split exact
sequence 0→ OX → OX(x)→ Sx → 0. 
Appendix B. The category of coherent sheaves on a weighted projective
curve
Many aspects have already been dealt with in Sections 2.2 and 2.3.
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Let X = (X,w) be an (WPC) and coh(X ) its category of coherent sheaves. Let coh0(X )
denote the full subcategory of coherent sheaves of finite length. It is easily seen that
the quotient categories coh(X )/coh0(X ) and coh(X)/coh0(X) are equivalent. Hence the
function fields k(X ) and k(X) are isomorphic. In particular, the (WPC) X determines
the underlying smooth projective curve X. The most important invariant of X , or coh(X ),
next to the function field k(X ), is the orbifold Euler characteristic, or just Euler
characteristic χX of X . The Euler form is the bilinear form on the Grothendieck group
K0(X ) of the category coh(X ) of coherent sheaves on X which is given on (classes of)
coherent sheaves by the expression ⟨A,B⟩ = dimHom(A,B) − dimExt1(A,B).
For the convenience of the reader, we include the following treatment of orbifold Euler
characteristic and weighted Riemann-Roch theorem from [20]. Let a1, a2, . . . , at be the
weight sequence associated to the weighted points of X . We put a¯ = lcm(a1, a2, . . . , at). By
means of the averaged Euler form
⟨⟨X,Y ⟩⟩ = 1
a¯
a¯−1∑
j=0
⟨τ jX,Y ⟩,
we define the degree as the linear form deg on K0(X ), given by the expression3
deg(A) = a¯⟨⟨OX ,A⟩⟩ − a¯⟨⟨OX ,OX ⟩⟩.
Rank and degree then are uniquely determined by the following complementry properties:
(i) For A in coh(X ) we always have rkA ≥ 0, further the structure sheaf OX has rank
one. Moreover, rkA = 0 holds exactly if A has finite length. Also rk is preserved under
automorphisms of coh(X ), in particular under the Auslander-Reiten translation.
(ii) A non-zero object A of finite length has degree > 0, and the structure sheaf has degree
zero. Further each simple sheaf Sx, concentrated in a point x of X , has degree a¯w(x) .
We next define the orbifold Euler characteristic of X as χX = 2a¯⟨⟨OX ,OX ⟩⟩. Clearly,
for non-weighted smooth projective curves the orbifold Euler characteristic agrees with the
ordinary Euler characteristic.
Theorem B.1. Let X = X⟨a1, a2, . . . , at⟩ be a weighted projective curve with underlying
smooth projective curve X. Then the orbifold Euler characteristic of X is given by the
expression
(14) χX = 2
a¯
⟨⟨OX ,OX ⟩⟩ = χX − t∑
i=1
(1 − 1
ai
) .
Proof. We work in the reduced Grothendieck group Kred0 (X ). We put a = ⟦OX ⟧, s0 = ⟦Sx⟧
where Sx is the simple sheaf concentrated in a non-weighted point, si = ⟦Si⟧, where Si is
the simple sheaf concentrated in xi with Hom(OX , Si) = k (i = 1,2, . . . , t). Then we have
(15) τa − a = − t∑
i=1
si + (t − χX)s0,
3The factor a¯ is introduced to yield integer values for the degree.
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where χX = 2⟨a, a⟩ = 2(1−g) is the Euler characteristic of the underlying smooth projective
curve X. The validity of formula (15) is easily checked by forming for both sides the Euler
product with each member of the generating system a, s0, τ
jsi, i = 1,2, . . . , t and using
non-degeneracy of the Euler form on Kred0 (X ). Then, applying ∑a¯−1j=0 τ j to (15) implies
(16) τ a¯a − a = a¯ δ s0, where δ = t∑
j=1
(1 − 1
ai
) − χX .
Finally, we obtain
(17) 2⟨⟨a, a⟩⟩ + a¯δ = ⟨⟨a, a⟩⟩ + ⟨⟨a, τ a¯a⟩⟩ = 1
a¯
⎛
⎝
a¯−1∑
j=0
⟨τ ja, a⟩ − a¯−1∑
j=0
⟨τ (a¯−1)−ja, a⟩⎞⎠ = 0,
proving the claim. 
We note that the rank allows a purely K-theoretic definition as rk(A) = ⟨A,S⟩ where
S is a simple sheaf concentrated in an ordinary point. This K-theoretic rank agrees with
the sheaf-theoretic rank, defined for a coherent sheaf A as its length in the Serre quotient
coh(X )/coh0(X ).
Theorem B.2 (Riemann-Roch). Assume b, c are members of K0(X ), where X =
X⟨a1, a2, . . . , at⟩ then
(18) ⟨⟨b, c⟩⟩ = ⟨⟨OX ,OX ⟩⟩ ⋅ rkb ⋅ rkc + 1
a¯
⋅ ∣ rk(b) rk(c)
deg(b) deg(c)∣ .
Proof. Passing to the reduced Grothendieck group Kred0 (X ) one checks the equality of both
sides of (18) on the generating system a, s0, τ
jsi, i = 1,2, . . . , t, j ∈ Zai . 
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